This paper presents the results of a comprehensive numerical study to analyze free convective heat transfer in a vertical rectangular duct filled with porous matrix and saturated with nanofluid for temperature dependent viscosity. Using the DarcyForchhiemer model, the momentum in the porous medium was simulated. While insulating two opposing wall ducts, the temperatures remained varied for the other two walls. Solutions to the transport equations for a Newtonian fluid were provided numerically through the finite difference approach to second order accuracy. The impact of the overriding parameters, for instance, the parameters of variable viscosity as well as inertial, the Grashof number, Darcy number, Brinkman number, solid volume index as well as the aspect ratio having a water-Copper nanofluid on the flow characteristics of natural convection is investigated. The flow nature using different nanoparticles is also studied. The values of volumetric flow rate, skin friction and Nusselt number are tabulated for pertinent parameters. It is found that for negative values of viscosity variation parameter the flow is enhanced in the lower part of the duct and positive values will enhance the flow in the upper part of the duct. Silver nanoparticle attains the maximum heat transfer rate when compared to other nanoparticles.
Introduction
A broadly publicised research domain in the fluid mechanics literature, which concerns natural phenomena, is the phenomenon relating to convective motion, which is propelled through the buoyancy force. In this research interest area, the phenomenon of buoyancy for situations in porous media has been a major aspect of theoretical formulations and dimensions. Of particular interest, the influences of non-Dancy on natural convection in porous media became almost routine discussions among scholars. Of course, the motivation for these regular discussions is the usefulness of the techniques in a wide array of technical applications, including the flow of fluids in reservoirs (geothermal), in chemical manufacturing for separation processes, in soil water application where the dispersion o9f contaminants (chemical) by the way of water-saturated soil, in casting where solidification is required as well as in grain storage schemes where moisture immigrates, etc. A broad survey of literature relative to this discussion could be obtained in Kaviany (1995) , Ipp and Ingham (2001) as well as Bejan et al. (2004) .
The specific attention to the Brinkman-broadened Darcy representation was documented by Tony and Subramanian (1985) as well as Lauriat and Prasad (1987) to analyse the impacts of buoyancy on free convection for a vertical cavity. This representation was at just introduced in 1947 by Brinkman in an attempt to take care of the transaction of flow to highly viscous flow (devoid of porous matrix) arising from Darcy flow, within the restriction of outstandingly elevated permeability. Nevertheless, the contribution of Brinkman (i.e. Brinkman's model) fails to completely treat the idea of transition from porous-medium flow to pure fluid flow in situations of increases in the porous-medium's permeability. A representation that bridges the complete gap arising between the Darcy and Navier-Stokes equation is the model by Dancy-Forchheimer that was built up through Vafai as well as Tien (1981) .
As the velocity of the fluid becomes elevated while the heat transfer is contemplated in the near-wall region, the observation is that the inertial and boundary impacts glow substantially (Chen and Lin, 1985) . Furthermore, the DarcyForchheimer model showcases the impact of inertial and viscous forces in porous media, which was employed by Poulikakos (1985) as well as Lauriat and Prasad (1989) to analyse the natural convection occurring in a vertical enclosure that is filled with a porous medium. Umavathi et al. (2005 Umavathi et al. ( , 2012a Umavathi et al. ( , 2012b Umavathi et al. ( , 2013a Umavathi et al. ( , 2013b Umavathi et al. ( , 2013c Umavathi et al. ( , 2013d ) studied the heat transfer as well as flow in vertical channels and ducts, employing Darcy-Forchheimer model. At present, despite intensive scholarly activities aimed at improving outcomes of industrial heat transfer through fluid mechanics, the restricted capability associated with conventional fluids, for instance, oil, ethylene-glycol and water, to transfer heat has remained a strong confrontation in the science of heat transfer. Fortunately, the replacement of conventional fluids by superior fluids having elevated thermal conductivity has been an approach to getting rid of this challenge. These advanced fluids were meant to be just fluids in theory in a long period of time, pending the emergence of the quick build-up of the nanotechnology movement.
Surprisingly, nanotechnology restores the hope and confidence of building up competent heat exchangers through the emergence of a novel aspect of fluids, referred to as nanofluids. The creation of nanofluids is often achieved through the dispense of little amounts of metal or semi-metal particulates, having dimensions to the tune of 100 mm into a standard base fluid, for instance, oil or water. Over the past ten years, substantial improvements in thermal conductivity modeling and the use of convective heat transfer concerning nanofluids that are superior to predictions are at present available in microscopic models (Li and Xuan, 2002; Wang et al; 1999; He at al., 2007) . In an instance, He et al. (2007) asserted the respective 6% and 12% increase over water compared with the thermal; conductivity as well as the convective heat transfer coefficient of 1.2% T i O 2 -water nanofluids. The nanoparticles in nanofluids are capable of flowing through media that are permeable while these flows could enhance the recovery of oil. The stability analysis using nanofluids was discussed by Umavathi and Monica (2014a , 2014b , 2016 and Umavathi (2015) . The employment of nanoparticles is as well common to determine the changes in the saturation of fluids as well as the reservation properties in the course of production of oil and gas. In attempt to enhance viscous oil recovery, a fluid, for instance, water, is injected into the porous medium for a displacement of the oil since water has viscosity lower than that of oil. Nevertheless, a growth in the injected fluid's viscosity (e.g. through the employment of nanofluids) would substantially enhance the efficiency of recovery. Hady et al. (2011a Hady et al. ( , 2011b Hady et al. ( , 2014 published series of papers using nanofluid to analyse the influence of yield stress past a vertical plane that is saturated through porous medium. A model based on non-homogeneous equilibrium, consisting of two components and four equations was credited to Buongiomo (2006) and the use was for mass, momentum as well as heat transfer in nanofluids. By employing Buongiomo's (2006 ) model, Kwang et. al. (2009 ), Nield and Kuznestsov (2009 ), Umavathi (2013a , Umavathi and Shekar (2015) , Umavathi et al. (2015) analysed the effects of the presence of nanoparticles in nanofluids. Recently, Ed et al. (2015) discussed about the effectiveness of a chemical reaction on the viscous flow of a non-Darcy nanofluid over a non-nearly stretching sleet in a porous medium. Further, Ed (2016) extended his studies in Ed et al. (2015) including the impact of heat generation for an electrically conducting fluid.
A major part of currently available analytical investigations regarding this problem are rooted in uniform physical properties for the fluid (ambient). Nevertheless, it is clear (consider Herwing and Gresten 1986 ) that these physical properties are subjected to changes in temperature, particularly fluid viscosity. Thus, in order to predict the flow as well as the heat transfer rates from an accurate perspective, it becomes essential to account for this variation regarding viscosity in the analysis of the problem. Sedeek (2002) considered the impact of magnetic field as well as variable viscosity on the forced non-Darcy flow concerning a flat plate having variable wall temperature in porous media considering suction as well as blowing. Furthermore, her group (2015a, b, c, d, 2016a, b, c) analyzed the natural convection having temperature-dependent viscosity and thermal conductivity in a duct and square cavity.
The immense application of nanofluids in the field of technology and to understand the flow nature close to the more real prediction of the flow nature by considering the variable properties, motivated to take this problem under investigation. This problem is an extension of Umavathi and Odelu (2015d) replacing the clear fluid by a nanofluid saturated with the porous medium.
Mathematical Formulation
Consider a steady fully developed laminar flow of a nanofluid saturated with porous matrix in a long vertical rectangular duct. The geometry of the problem is shown in Fig. 1 , where the cartesian co-ordinate system   Water is used as a base fluid and spherical nanoparticles such as Copper, Titanium Oxide Diamond, and Silicon Oxide are considered for the study. The base fluid and the nanoparticles are assumed to be in thermal equilibrium. Fluid rises in the duct driven by buoyancy forces. The flow is fully developed and the following relations apply here
The continuity equation gives
. Under these assumptions, equations governing the fluid flow and heat transfer are as follows (Umavathi, 2015b) 
The relevant boundary conditions for the problem under study are as follows 
The effective density of the nanofluid is given as
where  is the solid volume fraction of the nanoparticles. The thermal diffusivity, heat capacitance and thermal expansion coefficients of the nanofluid respectively are given by
The effective dynamic viscosity of the nanofluid given by Brinkman (1952) is
In equation (6), nf K is the thermal conductivity of the nanofluid. For spherical nanoparticle, according to Maxwell (1904) , this can be written as
Here the subscripts nf, f and s respectively are the thermo physical properties of the nanofluid, base fluid and the solid nanoparticles.
The fluid viscosity f  is assumed to vary with temperature as
where the subscript 0 denotes the reference state and "c" is an empirical constant. The parameter "c" may take positive values for liquids such as water, benzene or crude oil. In some gases like air, helium or methane "c" may be negative, i.e., the coefficient of viscosity increases with temperature. This type of model can find applications in many processes where preheating of the fuel is used as a means to enhance heat transfer effects. In addition, for many fluids such as lubricants, polymers, and coal slurries where viscous dissipation is substantial, an appropriate constitutive relation where viscosity is a function of temperature should be used.
Equations (1) to (4) are non-dimensionalised using the following dimensionless parameters (Buongiorno, 2006) 
The dimensionless momentum and energy equations become 
The non-dimensional boundary conditions used to solve the Eqs. (12) and (13) 
Solution Method
The governing equations (12) and (13) defining the model along with boundary conditions (14) are coupled and nonlinear and hence closed form solutions are out of reach. Therefore we find the approximate solutions using the numerical methods. The finite difference technique is opted for the numerical method. In this method the computational domain is divided into a uniform grid system. The second-derivative and the squared first-derivative terms are discretized using the central difference of second-order accuracy. The finite difference form of 2 2 w x   and w x   , for example, were discretized as
, respectively. Substituting the above differences in Eqs. (12) and (13) reduces to the following difference equations. 
The corresponding discretized boundary conditions are ,0 
where i and j range from 1 to Nx and 1 to Ny, respectively. Nx and Ny denote the number of grids inside the computational domain in the respective x and y directions. 
Results and discussion
The problem of heat transfer in a vertical rectangular duct filled with a nanofluid saturated with porous matrix is analysed for the viscosity dependent on the temperature. The governing equations which are coupled, nonlinear partial differential equations are solved using finite difference method of second order accuracy. The exponential dependence of the viscosity on the temperature is assumed and thermal conductivity is assumed to be constant. (Fig. 3a) . The temperature filed is not much varied for the variations of BV . To understand the flow behavior in a more wider form, the 1D graphs are drawn choosing different points of y varying x . The values of y are chosen near the left wall, in the centre and near the right wall of the duct. One can visualize that the velocity profiles change their direction as y moves from left to right of the duct. Near the left wall the profiles are in the downward direction, symmetric in the middle of the duct and in the upward direction of the duct. As BV (Fig. 4a) . Here also the number of contours are dense in lower half of the duct for 0 BV  and dense in the upper half region of the duct for 0 BV  . From Fig. 4b it is clear that the velocity increases in the downward direction as Da increases and temperature also increases as Da increases. The nature of increase in Da is to increase the flow is quite obvious because physically increase in Da implies that porous matrix becomes more sparse. The effect of inertial parameter I on the flow is depicted in Figs. 5a and 5b. It is observed that the inertial parameter does not show much variations in the flow filed. But the effect of BV show the similar nature as in Figs. 4a and 4b . That is to say that the contours are dense in the lower half region for 0 BV  and dense in the upper region for 0 BV  (Fig. 5b) and the profiles for 0 BV  lie above 0 BV  and below 0 BV  . The effects of Grashof number, and Brinkman number along with BV on the velocity and temperature fields are shown in Figs. 6a, 6b and 7a, 7b. As Grashof number and Brinkman number increases flow increases. Similar result was obtained by Umavathi and Odelu (20115b) for regular fluid in the absence of porous matrix and hence not more explanation is required.
The effect of solid volume fraction  and BV on the flow field is shown in Figs 8a and 8b. Here also it is seen that as BV increases flow increases in the upward direction for both regular and also for nanofluid. The number of contours are dense in the lower half region for values of 0 BV  and in the upper half region of the duct for values of 0 BV  . Here also the temperature contours are almost linear for any value of  and BV (Fig. 8a) . However from 1D graph (Fig. 8b) one can infer that as  increases velocity increases whereas temperature decreases for any value of BV . The effect of aspect ratio A on the flow is again the similar nature as obtained by Umavathi and Odelu (2015e) . As the aspect ratio A increases the profiles become wider. The effect of BV remains the same as explained above for any value of A .
To understand the physical significance of the problem under study, the volumetric flow rate, skin friction and rate of heat transfer are evaluated and tabulated in Tables 1a, 1b and 1c for the variations of the viscosity variation parameter BV . It is seen that the volumetric flow rate Q increases as BV increases for all the parameters. The volumetric flow rate is maximum for Silver nanoparticle and decreases for other nanoparticles. As Darcy number, Grashof number, Brinkman number and aspect ratio A increases the volumetric flow rate increases whereas it decreases as inertial parameter and solid volume fraction increases. 
TiO
Silver Diamond -0.5 -1.357E-2 1.357E-2 -1.339E-2 1.339E-2 -1.361E-2 1.361E-2 -1.340E-2 1.340E-2 0.0 9.116E-4 -9.116E-4 8.810E-4 -8.810E-4 9.215E-4 -9.215E-4 8.725E-4 -8.725E-4 0.5 1.547E-2 -1.547E-2 1.523E-2 -1.523E-2 1.553E-2 -1.553E-2 1.522E-2 -1.522E-2 Da = 0.00001 Da = 1.0 I = 0.0 I = 10.0 -0.5 -1.795E-3 1.795E-3 -2.201E-2 2.201E-2 -1.357E-2 1.357E-2 -1.357E-2 1.357E-2 0.0 1.574E-6 -1.574E-6 7.140E-3 -7.140E-3 9.117E-4 -9.117E-4 9.112E-4 -9.112E-4 0.5 1.798E-3 -1.798E-3 3.676E-2 -3.676E-2 1.547E-2 -1.547E-2 1.547E-2 -1.547E-2 
-1.451E-3 1.451E-3 -2.188E-2 2.188E-2 -1.451E-2 1.451E-2 -1.264E-2 1.264E-2 0.0 9.114E-7 -9.114E-7 1.438E-2 -1.438E-2 9.113E-6 -9.113E-6 1.824E-3 -1.824E-3 0.5
1.452E-3 -1.452E-3 5.193E-2 -5.193E-2 1.452E-2 -1.452E-2 1.644E-2 -1.644E-2
-1.352E-2 1.352E-2 -1.362E-2 1.362E-2 -1.365E-2 1.365E-2 -1.354E-2 1.354E-2 0.0 1.033E-3 -1.033E-3 7.548E-4 -7.548E-4 7.540E-4 -7.540E-4 9.425E-4 -9.425E-4 0.5 1.568E-2 -1.568E-2 1.5194E-2 -1.519E-2 1.522E-2 -1.522E-2 1.550E-2 -1.550E-2 
Conclusions
The problem of fully developed laminar flow in a duct filled with porous matrix and saturated with nanofluid was studied. The effect of all the pertinent parameters on the flow were observed along with the analysis of the physical characteristics such as volumetric flow rate, skin friction and heat transfer rate and the following conclusions were drawn. 1. The flow was enhanced as the viscosity variation parameter was increased immaterial of any of the nanoparticles. 2. The temperature contours were not distorted influentially with any of the governing parameters. 3. The flow was enhanced with the Darcy number, Grashof number, Brinkman number and aspect ratio whereas it was suppressed by the inertial and solid volume fraction parameters. 4. The volumetric flow rate was promoted with viscosity variation parameter, Darcy number, Grashof number, Brinkman number, aspect ratio but was demoted with the inertial parameter and solid volume fraction parameter. 5. The rate of heat transfer was increased at 0 y  and decreased at 1 y  with the increase in the values of Darcy number, Grashof number, Brinkman number, aspect ratio and reversal effect was observed with the inertial parameter for any value of the viscosity variation parameter. The heat transfer rate was pronounced at 0 y  and also at 1 y  with the solid volume fraction parameter. Optimum heat transfer was observed for Silver nanoparticle when compared with other nanoparticles. 6. The effects of viscosity variation parameter, Grashof number, Brinkman number and aspect ratio on the flow were the similar results observed by Umavathi and Odelu (2015d) in the absence of porous matrix for regular fluid. The effect of different nanoparticles and solid volume fraction agree with the results obtained by Umavathi and Sheremet (2016a) for nanofluids in the absence porous matrix. The effects of Darcy number and inertial parameter were in agreement with Umavathi (2013a) in the absence of nanoparticles.
